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everse time migration in tilted transversely isotropic „TTI… media
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ABSTRACT

Reverse time migration �RTM� exhibits great advantages
over other imaging methods because it is based on computing
numerical solutions to a two-way wave equation. It does not
suffer from dip limitation like one-way downward continua-
tion techniques do, thus enabling overturned reflections to be
imaged.As well as correctly handling multipathing, RTM has
the potential to image internal multiples when the boundaries
responsible for generating the multiples are present in the
model. In isotropic media, one can use a scalar acoustic wave
equation for RTM of pressure data. In anisotropic media, P-
and SV-waves are coupled together so, formally, elastic wave
equations must be used for RTM.Anew wave equation for P-
waves is proposed in tilted transversely isotropic �TTI� media
that can be solved as part of an acoustic anisotropic RTM al-
gorithm, using standard explicit finite differencing. If the
shear velocity along the axis of symmetry is set to zero, stable
numerical solutions can be computed for media with a verti-
cal axis of symmetry and � not less than � . In TTI media with
rapid variations in the direction of the axis of symmetry, set-
ting the shear velocity along the axis of symmetry to zero can
cause numerical solutions to become unstable. A solution to
this problem is proposed that involves using a small amount
of nonzero shear velocity. The amount of shear velocity add-
ed is chosen to remove triplications from the SV wavefront
and to minimize the anisotropic term of the SV reflection co-
efficient. We show modeling and high-quality RTM results in
complex TTI media using this equation.

INTRODUCTION

Reverse time migration �RTM� propagates the source wavefield
orward and the recorded wavefield backward in time using a two-
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ay wave equation �Baysal et al., 1983; McMechan, 1983; Whit-
ore, 1983�. It correctly handles both multi-arrivals and the phase

hanges caused by caustics. It has virtually no dip limitation, which
nables imaging of overturned reflections, and can be used to image
ome forms of multiple �e.g., prismatic� energy. In isotropic media,
e can solve efficiently the scalar acoustic wave equation instead of

he more expensive elastic wave equation to perform acoustic RTM
f pressure data.

Seismic anisotropy is observed in many exploration areas. Con-
entional isotropic RTM for seismic imaging is insufficient in these
reas. Even when multicomponent data are available, one of the
omplexities that impedes anisotropic elastic RTM is the difficulty
f separating anisotropic wavefields into different wave modes for
maging �Yan and Sava, 2008�. Rather than solving the complicated
nisotropic elastic wave equation, many researchers have derived
impler two-way wave equations that can be solved efficiently to
erform acoustic anisotropic RTM of pressure data.

Alkhalifah �1998� introduces a pseudo-acoustic approximation
or transversely isotropic �TI� media by setting the shear velocity
long the axis of symmetry to zero.Although this dispersion relation
or a scalar wavefield has kinematics close to those of the P arrivals
n the real elastic vector wavefield, it allows spurious SV events
Grechka et al., 2004�. Many researchers have derived and imple-
ented two-way wave equations for vertical transversely isotropic

VTI� media starting fromAlkhalifah’s dispersion relation �Alkhali-
ah, 2000; Klie and Toro, 2001; Zhou et al., 2006a; Hestholm, 2007;
u et al., 2008�. Alternatively, starting with Hooke’s law and the

quations of motion, vertical shear velocity can be set to zero to de-
ive a pseudo-acoustic VTI wave equation �Duveneck et al., 2008�.
ilting the symmetry axis relative to the coordinates does not add
ny new physics but rather more algebraic complexity. Several pseu-
o-acoustic tilted transversely isotropic �TTI� wave equations de-
ived by setting the shear velocity along the axis of symmetry to zero
ave already been proposed �Zhou et al., 2006b; Fletcher et al.,
008; Zhang and Zhang, 2008�.

d 13 February 2009; published online 15 December 2009.
E-mails: rfletcher1@gatwick.westerngeco.slb.com; xdu@crawley.oilfield
9

EG license or copyright; see Terms of Use at http://segdl.org/



e
r
d
o
i
s
T
t
n
a
W
t
s
m
m

g
T
d
l
g
H
p
r

w
t
s
v
�

a
�

S
t

�
s
c
f
F
s

t
e
t
d

w

w
a
o
d
i
s
f

i
a
p
c
e
e
e
m
a

o
s
e
fi

m
t

w
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In the next section, we focus on a new pseudo-acoustic TTI wave
quation derived using the “asymptotically” exact P-SV dispersion
elation and parameterized using the anisotropic parameters � and � ,
efined by Thomsen �1986�. For media with a constant vertical axis
f symmetry and � greater than or equal to � , it is straightforward to
mplement modeling and migration with the vertical shear velocity
et to zero. However, for modeling and migration in heterogeneous
TI media, a variably oriented axis of symmetry can cause instabili-

ies with numerical implementations. Making the shear velocity fi-
ite along the axis of symmetry can remove propagation instabilities
rising from tilt axis variation and from places where � is less than � .
e will detail how to choose the shear velocity to stabilize propaga-

ion in heterogeneous TTI media while minimizing SV-waves con-
idered as artifacts for acoustic modeling and migration. In the nu-
erical experiments section, we demonstrate forward modeling and
igration �RTM� using this new wave equation.

METHOD

Solving the Christoffel equations for homogeneous TTI media
ives three distinct wave modes: P, SV, and SH �Tsvankin, 2001�.
he SH mode decouples, leaving a fourth-order dispersion equation
escribing the propagation of the coupled P and SV modes. Correct-
y, this dispersion relation describes wave speeds for the distin-
uished vector polarizations corresponding to the P- or SV-waves.
owever, we can also treat it as defining the propagation of a scalar,
seudo-acoustic wavefield. The P-SV TTI dispersion relation de-
ived from the Christoffel equations can be written as

�4� ��vpx
2 �vsz

2 ��k̂x
2� k̂y

2�� �vpz
2 �vsz

2 �k̂z
2��2�vpx

2 vsz
2 �k̂x

2

� k̂y
2�2�vpz

2 vsz
2 k̂z

4� �vpz
2 �vpn

2 �vpx
2 ��vsz

2 �vpn
2 �vpz

2 ��

��k̂x
2� k̂y

2�k̂z
2, �1�

here the hats over the wavenumbers �k̂x, k̂y, and k̂z� indicate that
hey are evaluated in a rotated coordinate system aligned with the
ymmetry axis. Here, � is the angular frequency; vpz is the P-wave
elocity in the direction normal to the symmetry plane; vpn

vpz
�1�2� is the P-wave normal moveout �NMO� velocity —

gain, relative to the normal to the symmetry plane; vpx

vpz
�1�2� is the P-wave velocity in the symmetry plane; vsz is the

V velocity normal to the symmetry plane; and � and � are aniso-
ropic parameters defined by Thomsen �1986�.

The corresponding fourth-order partial differential equation
PDE� in time, following immediately from equation 1, is cumber-
ome to solve. Mixed spatial derivatives exist that require more
omputation than derivatives in a single spatial variable because dif-
erencing operators become 2D or 3D convolutions rather than 1D.
or this reason, we often seek to find equivalent coupled lower-order
ystems.

We have analyzed the space of possible coupled second-order in-
ime PDEs that can be derived from the P-SV dispersion relation in
quation 1 �Fowler et al., 2008�. Of the space of possible solutions,
he most efficient to implement is the family of coupled second-or-
er PDEs parameterized with a nonzero scalar �,
Downloaded 23 Feb 2010 to 72.29.234.161. Redistribution subject to S
� 2p

� t2 �vpx
2 H2p��vpz

2 H1q�vsz
2 H1�p��q�

� 2q

� t2 �
vpn

2

�
H2p�vpz

2 H1q�vsz
2 H2� 1

�
p�q�, �2�

here the differential operators H1 and H2 are given by

H1�sin2 � cos2 �
� 2

�x2 �sin2 � sin2 �
� 2

� y2 �cos2 �
� 2

� z2

�sin2 � sin 2�
� 2

�x� y
�sin 2� sin �

� 2

� y� z

�sin 2� cos �
� 2

�x� z
,

H2�
� 2

�x2 �
� 2

� y2 �
� 2

� z2 �H1, �3�

here � is the dip measured to the vertical and � the azimuth of the
xis of symmetry. Note that for VTI, the differential operator H1 acts
nly in the vertical direction whereas H2 acts only in the horizontal
irection; neither operator contains any mixed-space derivatives. In
sotropic media, the two second-order PDEs in equation 2 are the
ame and wavefield p is equal to wavefield q. The derivation of this
amily of wave equations can be found inAppendix A.

Equation 2 could be solved with a pseudospectral method, carry-
ng out the space derivative calculation in the wavenumber domain
nd time stepping by explicit finite differences. However, because
seudospectral methods require repeated Fourier transforms, it is
hallenging to parallelize computation for propagation in large mod-
ls while avoiding wraparound artifacts. For these reasons, we solve
quation 2 in the space-time domain using high-order finite differ-
ncing. We handle large models with domain decomposition with
ultiple compute nodes propagating separate domains of the model

nd periodically communicating their boundary information.
Although both the wavefields p and q are solutions to the fourth-

rder PDE corresponding to equation 1, we treat wavefield p as pres-
ure and q as an auxiliary wavefield. Different choices of the param-
ter � result in different dynamic responses of the modelled wave-
eld. We implement equation 2 with a choice of � �1.
Evaluation of the constraint on the stiffness coefficients of TTI
edia �equation 1.51 in Tsvankin, 2001� gives the following stabili-

y condition:

�� f2� f� � f � �1� f��f�f �2� ��0, �4�

here

f �1�
vsz

2

vpz
2 . �5�
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Reverse-time migration in TTI media WCA181
his stability criterion reduces to just ��� �0 when one sets vsz

0.

etting vsz to zero

Starting from wave equation 2 and following Alkhalifah’s exam-
le of setting the shear velocity along the symmetry axis to zero
ives a pseudo-acoustic wave equation that can be solved more effi-
iently. When � �1, equation 2 reduces in VTI media to the wave
quation proposed by Du et al. �2008�. When the symmetry axis is
onvertical it reduces to the wave equation proposed by Fletcher et
l. �2008� and Zhang and Zhang �2008�. When � �vpn /vpz, equation
reduces in VTI media to the wave equation proposed by Duveneck
t al. �2008�. In this case, Duveneck et al. �2008� are able to interpret
hysically the p wavefield as the horizontal stress component and
he q wavefield as the vertical stress component.

NUMERICAL EXAMPLES

In all of the following 2D numerical examples, wave propagation
s simulated using high-order finite differencing to solve equation 2.

e used a finite-difference scheme that is second-order in time and
ighth-order in space. The computational grid is chosen to avoid spa-
ial dispersion and the propagation time step dt is chosen to satisfy
he stability condition

dt	

 min�dx,dz	

vpx
, �6�

here 
 is a stability constant, dx and dz are the grid cell sizes, and
px is the fastest anisotropic velocity. A variable grid is used in the
epth direction. Further standard optimizations can be applied easi-
y.

Figures 1 and 2 show time snapshots of wave propagation in a 2D
omogenous anisotropic media �vpz�3000 m /s, vsz�0, ��0.24,
nd � �0.1�. Figure 1 corresponds to a vertical axis of symmetry
nd Figure 2 to an axis of symmetry tilting at 45°. The approximately

igure 1. Wavefield snapshot in a homogeneous VTI medium: vpz

3000 m /s; v �0; ��0.24; and � �0.1.
sz
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llipsoidal compressional P wavefront and a diamond shape of the
V wavefront can be seen clearly. This SV-wave is a well-known
roblem, which for the purposes of P-wave modeling is considered
s an artifact. It is generated only in anelliptic media ���� � and can
e muted out from point-source modelling �Duveneck et al., 2008�.

For RTM from marine acquisitions, sources and receivers are
laced in an isotropic water layer. In this case, the source-generated
V artifact will not exist either for the forward-propagated source
avefield or the back-propagated receiver wavefield. However, SV

rtifacts can still arise from subsequent mode conversions from con-
rasts in the parameter model elsewhere. Figure 3 shows an impulse
esponse for prestack RTM based on equation 2 in the same homoge-
eous anisotropic medium with a 45° tilting symmetry axis. In these
xamples, wave propagation is stable with a constant tilt axis.

We have found explicit centered finite-difference solutions to
quation 2 when vsz�0 can be unstable in some media with varying
zimuth and dip angle. The instabilities usually start at locations in
he azimuth and dip models where sharp contrasts exist. Zhang and
hang �2008� also note similar instabilities when using centered
seudospectral methods. These instabilities appear to arise from the
nteraction of the SV-wave artifact with rapid variations in the tilt
xis. Smoothing the model can stabilize wave propagation but also
an alter its kinematics significantly.

Our experiments indicate that adding finite vsz terms provides an
lternative and more accurate method to stabilize wave propagation.
he question remains is what vsz values to use. The following analy-
is details our approach to stabilizing propagation by using a reason-
ble finite vsz in equation 2. Our approach also removes triplications
rom the SV wavefront and minimizes the anisotropic SV reflection
oefficient.

tabilizing propagation using a finite vsz

The parameter

� �
vpz

2

vsz
2 ���� � �7�

argely determines the kinematic signatures of SV-waves in TTI me-
ia �Tsvankin, 2001�. Figure 4 displays the kinematics of P and SV
avefronts in a strongly anisotropic homogeneous VTI medium

igure 2. Wavefield snapshot in a homogeneous TTI medium: vpz

3000 m /s; v �0; ��0.24; � �0.1; and � �45°.
sz
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WCA182 Fletcher et al.
vpz�3000 m /s, ��0.24, � �0.1� for various values of � �and,
ence, vsz�. As documented by Tsvankin �2001�, triplications in the
V wavefront are removed for values of � less than approximately

igure 3. Impulse response from prestack RTM in a homogeneous
TI medium: vpz�3000 m /s; vsz�0; ��0.24; � �0.1; and �
45°.
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.8. Our experiments indicate that choosing vsz large enough �and,
ence, � small enough� to remove SV wavefront triplications gives
table wave propagation even with highly variable tilt-axis orienta-
ion.

The reflection coefficient of SV-waves at a small-contrast inter-
ace between two weakly anisotropic TI media can be expressed as
he sum of the corresponding coefficient in isotropic media Risot�� �
nd the anisotropic term:

Raniso,SV�� �

1

2
�� 1�� 2�sin2 � , �8�

here � 1 and � 2 are the parameter values defined in equation 7
bove and below the reflector, respectively �Tsvankin, 2001�. Clear-
y, if we choose vsz to ensure a constant value of � over the whole
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Reverse-time migration in TTI media WCA183
eterogeneous model, then this anisotropic term for the SV reflec-
ion coefficient will be zero everywhere. Taking this approach in iso-
ropic and elliptically anisotropic media we ensure that vsz is set to
ero.

To demonstrate our approach of stabilizing propagation using a fi-
ite shear velocity along the axis of symmetry, we use the BP2D TTI
odel. Figure 5 displays a small region of this model. There is com-

licated heterogeneity in all four parameters, including the dip angle
or the axis of symmetry. Figure 6b displays a wavefield snapshot
rom a modeling experiment �without absorbing boundary condi-
ions� in a small region of this model. Figure 6a displays the dip of
he axis of symmetry parameter for the same region. The modeling
erformed here used equation 2 and set vsz�0. Clearly, the wave
ropagation is unstable when a high contrast exists in the dip field.
igure 6c displays the same time wavefront snapshot as in Figure 6b
ut set vsz�vpz /2 everywhere when using equation 2. The wave
ropagation is now stable. However, additional energy �highlighted
n Figure 6c� is now present. This energy is caused by reflections of
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he SV artifact. Figure 6d again displays the same time wavefront
napshot generated by setting vsz to ensure � �0.75 everywhere.
he wave propagation is again stable but without the unwanted SV

eflections.
We implement this approach of stabilizing propagation using a fi-

ite shear velocity along the axis of symmetry within prestack TTI
TM and apply it on two data sets. First, we use the 2D overthrust
odel displayed in Figure 7. We migrate pressure data generated by
moco using an elastic finite-difference modeling technique �Fei et

l., 1998�. Figure 8 displays the resulting RTM image. Reflectors are
maged in the correct position. Second, we apply TTI RTM to the 2D
P TTI data set corresponding to the model displayed in Figure 5.
his is a high-quality data set generated by elastic finite-difference
odeling with shot spacing of 50 m, receiver spacing of 12.5 m, and

0,025 m maximum offset. Figure 10 displays the resulting RTM
mage. For comparison, an equivalent TTI Kirchhoff depth-migra-
ion image is displayed in Figure 9. The RTM image shows better
maging of reflectors truncating up against the two salt bodies.
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CONCLUSION

Prestack RTM is a powerful tool to image complex structures. We
ropose a new pseudo-acoustic wave equation for TTI media that
an be solved as part of an acoustic anisotropic RTM algorithm using
tandard explicit finite differencing. Forcing the shear velocity along
he axis of symmetry in this equation to zero gives a simpler wave
quation. This reduced equation is more efficient to solve and is sta-
le in VTI media where ��� �0. However, we observe that explic-
t finite-difference solutions of this simpler wave equation can be-
ome unstable in TI media, which have rapid variations in the orien-
ation of the axis of symmetry. We propose a solution to this problem
sing a small finite shear velocity along the axis of symmetry, chosen
o remove triplications from the SV wavefront and minimize the an-
sotropic term of the SV reflection coefficient. We show modeling
nd RTM results in complex 2D TTI media.

The proposed solution works equally well in complex 3D TTI me-
ia. A straightforward 3D TTI implementation using explicit finite
ifferencing will involve approximately six times the amount of
omputation as a VTI solution. However, in model regions where the
ilt axis is vertical or varies slowly, the shear velocity can be set to
ero and not all computations of the wavefield derivatives are re-
uired. Using such optimizations can reduce costs significantly.

For the purposes of P-wave migration, the SV-waves that still can
e generated at high contrasts in model parameters with the pro-
osed approach are considered as an artifact. In our migration exper-
ments, we have not observed any contamination from such energy
n the stacked image. Investigation into whether this energy is signif-
cant on angle gathers produced from RTM is a topic for ongoing re-
earch.
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APPENDIX A

DERIVATION OF THE PSEUDO-ACOUSTIC
TTI WAVE EQUATION

If we let � and � be the rotation angles �� is the dip angle mea-
ured to vertical, � is the azimuth�, then we have for the rotated
avenumbers:

k̂x�kx cos � cos � �ky cos � sin � �kz sin �

k̂y ��kx sin � �ky cos �

k̂z�kx sin � cos � �ky sin � sin � �kz cos � .

�A-1�

he dispersion relation in equation 1 then can be rewritten as

�4� ��vpx
2 �vsz

2 �f2� �vpz
2 �vsz

2 �f1��2-vpx
2 vsz

2 f2 · f2
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�vpz
2 vsz

2 f1 · f1� �vpz
2 �vpn

2 �vpx
2 ��vsz

2 �vpn
2

�vpz
2 ��f1 · f2, �A-2�

here

f1�kx
2 sin2 � cos2 � �ky

2 sin2 � sin2 � �kz
2 cos2 �

�kxky sin2 � sin 2� �kykz sin 2� sin �

�kxkz sin 2� cos �

f2�kx
2�ky

2�kz
2� f1. �A-3�

If we apply an inverse Fourier transform to these equations �us-
ng the relationships kx↔�i �

�x ; ky↔�i �
� y ; kz↔�i �

� z ; �↔ i �
� t �,

e obtain the differential operators:

H1�sin2 � cos2 �
� 2

�x2 �sin2 � sin2 �
� 2

� y2 �cos2 �
� 2

� z2

�sin2 � sin 2�
� 2

�x� y
�sin 2� sin �

� 2

� y� z

�sin 2� cos �
� 2

�x� z

H2�
� 2

�x2 �
� 2

� y2 �
� 2

� z2 �H1. �A-4�

Multiplying both sides of the dispersion relation �equation A-2�
ith the wavefield p��,kx,ky,kz� considered to be the pressure wave-
eld and introducing the new auxiliary function �parameterized by a
onzero scalar ��:

q��,kx,ky,kz��
�vpn

2 �vsz
2 �f2

���2�vsz
2 f2�vpz

2 f1�
p��,kx,ky,kz�,

�A-5�

quation A-2 can be written as

�2p��,kx,ky,kz��vpx
2 f2p��,kx,ky,kz��vsz

2 f1p��,kx,ky,kz�

���vpz
2 �vsz

2 �f1q��,kx,ky,kz� . �A-6�

pplying an inverse Fourier transform to both sides of the previous
wo equations and using the relationships kx↔�i �

�x ; ky↔�i �
� y ;

z↔�i �
� z ; �↔ i �

� t , the final equations can be written as

� 2p

� t2 �vpx
2 H2p��vpz

2 H1q�vsz
2 H1�p��q�

� 2q

� t2 �
1

�
vpn

2 H2p�vpz
2 H1q�vsz

2 H2� 1

�
p�q� .

�A-7�

or seismic forward modeling, we must inject the source function in
he right side of both equations.
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